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An Interacting model of Dark Energy in Brans-Dicke
theory
Sudipta Das1 • Abdulla Al Mamon2
Abstract In this paper it is shown that in non-
minimally coupled Brans-Dicke theory containing a
self-interacting potential, a suitable conformal trans-
formation can automatically give rise to an interaction
between the normal matter and the Brans-Dicke scalar
field. Considering the scalar field in the Einstein frame
as the quintessence matter, it has been shown that
such a non-minimal coupling between the matter and
the scalar field can give rise to a late time accelerated
expansion for the universe preceded by a decelerated
expansion for very high values of the Brans-Dicke pa-
rameter ω. We have also studied the observational
constraints on the model parameters considering the
Hubble and Supernova data.
1 Introduction
Recent observational data from the Supernova Cos-
mology Project (Reiss et al. 1998; Perlmutter et al.
1997, 1999; Tonry et al. 2003) and the WMAP data
(Bridle et al. 2003; Bennet et al. 2003; Hinshaw et al.
2003; Kogut et al. 2003; Spergel et al. 2003) have strongly
confirmed that we live in an accelerating universe. Ac-
cording to these observations, nearly 70% of the to-
tal energy density of the universe has a large nega-
tive pressure which is apparently unclustered and is
dubbed as Dark energy (DE), which will in fact cause
the cosmic expansion to speed up. A number of can-
didates have appeared in the literature which can gen-
erate the cosmic acceleration very effectively. For an
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excellent review on dark energy models, one can look
into (Copeland et al. 2006; Sahni and Starobinski 2000;
Padmanabhan 2003) and (Martin 2008). Out of all
these candidates, one of the most popular candidates is
a scalar field with a positive potential which can gener-
ate an effective negative pressure if the potential term
dominates over the kinetic term. This scalar field is
often dubbed as “quintessence scalar field”.
However, quintessence scalar field models find dif-
ficulties in explaining why the energy densities of the
Cold Dark Matter (CDM) and quintessence matter (Q-
matter) should be comparable today. This is known
as the coincidence problem. A “tracker field” model
can address this problem to some extent. This kind of
fields has an attractor like solution with nearly inde-
pendent initial conditions. However, it is not clear to
what extent this field has ability to drive the current
accelerated expansion of the universe as well as at the
same time to give a solution to the coincidence problem.
Another way to solve the coincidence problem is to
consider that the two components of matter, namely,
the CDM and dark energy or the Q-matter are inter-
acting so that during this interaction there will be some
transfer of energy from one field to another. A num-
ber of models have been proposed where the flow of
energy is from the dark matter component to the dark
energy component (Zimdahl 2012; Olivares 2008, 2005;
Campo 2009; Zimdahl 2003, 2004; Reddy et al. 2013),
so that during the late time of evolution, the dark en-
ergy dominates over the ordinary matter and drives
the acceleration. However, in most of these models, the
interaction chosen is ad-hoc and such choices are not
motivated by any physical theory. So, search is on for a
suitable cosmologically viable interacting model of dark
energy.
2In this paper, we have proposed a cosmological
model for describing the dynamics of such an accel-
erating universe in Brans-Dicke theory where the dark
matter and dark energy components are shown to in-
teract among themselves. However, the form of in-
teraction is not chosen arbitrarily; rather it appears
as a result of a particular kind of conformal trans-
formation. These type of transformation was first
proposed by Dicke (Dicke 1962) and has been exten-
sively used since then in scalar-tensor theories of grav-
ity (Sen et al. 2009; Das et al. 2006; Amendola 1993,
2000; Faraoni 1999). The reason for choosing Brans-
Dicke scalar field is that unlike minimally coupled
scalar field models, this geometrical scalar field has
a proper theoretical background and no one has to
bother about the genesis of the scalar field. How-
ever, in original Brans-Dicke theory, the scalar field
is massless; but in our model we have introduced
a potential term for the scalar field. This type of
scalar field have been investigated thoroughly as the
driving agent for the late time acceleration of the
universe (Das et al. 2006; Banerjee and Pavon 2001;
Banerjee and Das 2006). The paper is organized as fol-
lows: In section 2, we have considered a non-minimally
coupled Brans-Dicke (BD) scalar field, along with a self-
interacting potential V (φ). In the conformally trans-
formed Einstein′s frame, we try to solve Einstein′s field
equations and obtain different dynamical quantities in
terms of the scale factor a(t). In the following subsec-
tions, first we assume a specific form of the energy den-
sity and then a specific form of the scale factor and ob-
tain the various related parameters for both the models.
In both cases, it has been shown that the deceleration
parameter q has a smooth transition from a positive
value to some negative value which indicates that the
universe was undergoing an early deceleration followed
by late time acceleration which is essential for the struc-
ture formation of the universe. The important point to
note here is that for both the choices, we have obtained
the smooth transition from deceleration to acceleration
for large values of ω, the Brans-Dicke parameter, which
is consistent with the value suggested by solar system
experiments (Bertotti et al. 2003). Section 3 describes
the observational constraints on various parameters of
the model and the last section discusses the results.
2 Field equations and their solutions :
In Brans-Dicke theory, the action is given by
S =
∫ √−gdx4[ψR− ω
ψ
ψ,µψ,µ − 2V (ψ) + Lm] (1)
(We have chosen 8πG = c = 1)
where ψ is the Brans-Dicke (BD) scalar field, R is the
Ricci scalar, ω is the BD parameter, V (ψ) is the po-
tential for the BD scalar field and Lm is the matter
Lagrangian. In this theory 1
ψ
plays the role of the grav-
itational constant.
From action (1), we obtain the Einstein field equations
as
Gµν =
ω
ψ2
[
ψ,µψ,ν − 1
2
gµνψ,αψ
,α
]
+
1
ψ
[
ψ,µ;ν − gµνψ
]
+
V (ψ)
ψ
gµν +
Tµν
ψ
(2)
and
ψ =
T
(2ω + 3)
+
4V (ψ)− 2ψ dV
dψ
(2ω + 3)
(3)
The matter content of the universe is considered to be
that of a perfect fluid distribution given by
Tµν = (ρ+ p)uµuν + pgµν (4)
where ρ and p are the energy density and pressure of
the fluid and T = Tµνg
µν is the trace of the energy-
momentum tensor.
With the assumption that the universe is homogeneous,
isotropic and spatially flat, the universe is described by
the FRW line-element
ds2 = dt2 − a2(t)[dr2 + r2dθ2 + r2sin2θdφ2] (5)
where a(t) is the scale factor of the universe and t is
the cosmic time.
The Einstein field equations for the space-time given
by equation (5) for a spatially flat matter dominated
universe (pm = 0) are
3
a˙2
a2
=
ρm
ψ
+
ω
2
ψ˙2
ψ2
− 3 a˙
a
ψ˙
ψ
+
V
ψ
, (6)
2
a¨
a
+
a˙2
a2
= −ω
2
ψ˙2
ψ2
− ψ¨
ψ
− 2 a˙
a
ψ˙
ψ
+
V
ψ
(7)
Also, the wave equation for BD scalar field takes the
form
ψ¨ + 3Hψ˙ =
ρm
2ω + 3
+
1
2ω + 3
[
4V − 2ψdV
dψ
]
(8)
From these equations, one can easily arrive at the mat-
ter conservation equation as
ρ˙m + 3Hρm = 0 (9)
3where H = a˙
a
is the Hubble parameter and ρm repre-
sents the matter density.
Next following (Dicke 1962; Sen et al. 2009; Amendola
1993, 2000; Faraoni 1999) we effect a conformal trans-
formation of the form
g¯µν = e
φ√
ς gµν (10)
where ς = 2ω+32 and ln ψ =
φ√
ς
, such that dt = e
− φ
2
√
ς d¯t
and a¯(¯t) = e
φ
2
√
ς a(t).
Now, the relevant field equations (6)-(7) in the new
frame look like (an overbar indicates quantities in the
new frame and from now onwards a dot will indicate
differentiation with respect to new time t¯)
3H¯2 = ρ¯m + ρ¯φ = ρ¯m +
1
2
φ˙2 + V¯ (11)
2 ˙¯H + 3H¯2 = −p¯φ = −1
2
φ˙2 + V¯ (12)
Also, the energy conservation equations in the new
frame take the form
˙¯ρφ + 3H¯(ρ¯φ + p¯φ) =
√
2
3
Wφ˙ρ¯m = Q (13)
˙¯ρm + 3H¯ρ¯m = −
√
2
3
Wφ˙ρ¯m = −Q (14)
where W =
√
3
2
1
2
√
ς
.
It is clearly seen that the matter and the scalar field do
not evolve independently in the new frame but interact
with each other through a source term, denoted by Q
in the energy conservation equations (13) and (14). A
positive Q represents transfer of energy from matter
field to scalar field; a negative Q represents transfer of
energy from scalar field to matter field. A large amount
of work has been done in this context where the energy
transfer is from the dark matter to the dark energy
component so that the later can grow at late times and
drive the cosmic acceleration (Zimdahl 2012; Olivares
2008, 2005; Campo 2009; Zimdahl 2003, 2004). In our
model also, we have restricted ourselves to positive val-
ues of Q so as to ensure late time acceleration of the
universe.
Now, if we focus on the other interacting cosmologi-
cal models, the basic need of such models is to assume
a suitable form of coupling between dark matter and
the scalar field. In majority of such models, the form of
interaction chosen is ad-hoc and the source of such in-
teraction is not known. But, in our model, unlike other
approaches, the coupling term is not an input but de-
rived its structure from the Einstein’s field equations by
introducing conformal transformation as already men-
tioned earlier. In the following sections we try to ob-
tain some accelerating solutions for such an interacting
model of the universe in the conformally transformed
frame for two cases : (1) by considering a specific form
for the energy density of the scalar field and (2) by con-
sidering a specific form of the scale factor a¯(¯t).
2.1 Model-I: Exact solutions for a specific form
of the energy density
From equation (14), one can easily obtain the energy
density for the matter field as
ρ¯m = ρ¯m0a¯
−3e−γ(φ−φ0) (15)
where γ =
√
2
3W =
√
1
2(2ω+3) , ρ¯m0 is the present value
of the matter energy density and φ0 is the constant of
integration.
From equations (11) and (12), one can write
˙¯H = −1
2
(φ˙2 + ρ¯m) (16)
Using the relationships φ˙ = a¯H¯ dφ
da¯
and ˙¯H = a¯H¯ dH¯
da¯
,
equation (16) can be rewritten as
1
2
a¯2H¯2
(
dφ
da¯
)2
= −a¯H¯ dH¯
da¯
− 3
2
Ωm0H¯0
2
a¯3
e−γ(φ−φ0) (17)
where Ω¯m0 and H¯0 represent the density parameter for
the matter field and the Hubble parameter at present
in the transformed frame respectively.
Next we make an ansatz for the energy density of the
scalar field as
ρ¯φ = ρ¯φ0a¯
−ǫe−γ(φ−φ0) (18)
where ρ¯φ0 indicates the present value of the energy den-
sity for the scalar field and ǫ > 0, is a constant.
The motivation behind this choice of ρ¯φ is that for a
matter dominated or a radiation dominated phase of
the universe, the energy density of the universe varies
as power law of the scale factor; so in our toy model
also we assume the energy density to bahave in a sim-
ilar manner. Apart from that since we are considering
an interacting scenario in which the matter field is cou-
pled to the scalar field we assume the energy density to
be a function of the scalar field φ as well in the trans-
formed frame.
Equation(11) then gives
H¯2 = H0
2e−γ(φ−φ0)[Ω¯m0a¯
−3 + Ω¯φ0a¯
−ǫ] (19)
4Differentiating the above equation w.r.to. a¯ and using
equation (17), one can write
1
2
a¯2H¯2
(
dφ
da¯
)2
=
ǫ
2
H0
2Ω¯φ0a¯
−ǫe−γ(φ−φ0) +
γ
2
a¯H¯2
dφ
da¯
(20)
Integrating the above expression, one can obtain the
form of the scalar field φ as (see Appendix A.1)
φ(a¯) = C ln(1 + κa¯3−ǫ) + φ0 (21)
where C = 1(3−ǫ)γ [3(1 + wφ) − ǫ] and wφ(=
p¯φ
ρ¯φ
) is the
equation of state parameter defined in the Einstein′s
frame itself which we choose to be close to -1 as sug-
gested by recent observations (Wood-Vasey et al. 2007;
Davis et al. 2007); the approximate bound on wφ is
−1.1 ≤ wφ ≤ −0.9. As the range of allowed values
of wφ is very small, we choose wφ to be almost a con-
stant. Also κ =
Ω¯φ0
Ω¯m0
is the ratio between the density
parameters for the scalar field and the matter field re-
spectively. In order to maintain the positivity of the
scalar field, we can limit the range of values of ǫ, i.e.,
0 < ǫ < 3, or one can make the constant of integration
φ0 sufficiently large so as to compensate for the nega-
tive term. It is evident from equations (15), (18) and
(21) that ǫ cannot be equal to 3 as because in that case
DE will not be distinguishable from dark matter. Also
in that scenario we will obtain φ(a¯) ≈ φ0 which indi-
cates that the scalar field obtained is not dynamical in
nature.
Now, using equation (12), one can obtain the ex-
pression for the deceleration parameter q (in terms of
redshift z) as
q(z) =
1
2
[
1 +
3κwφ
κ+ (1 + z)3−ǫ
]
(22)
Now if we plot q as a function of z, it shows that q
enters into a negative value regime from a positive value
at around z ∼ 1.1 which is quite reasonable and within
the range suggested by experimental data (Reiss 2001;
Amendola 2003).
Also, the expression for the potential V¯ (φ) is ob-
tained as
V¯ (φ) =
(
1−wφ
2
)
ρ¯φ
= (
1− wφ
2
)ρ¯φ0
[
1
κ
{e(φ−φ0C ) − 1}
] ǫ
ǫ−3
e−γ(φ−φ0) (23)
Figure (2) shows the plot of V¯ vs. φ for different values
of ǫ with wφ = −0.9 and κ = 0.730.27 . It is evident from
the graph that the nature of the potential remains the
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Fig. 1 Plot of q vs. z for different values of ǫ; ǫ = 1
(thin curve), ǫ = 1.1 (dashed curve), ǫ = 1.2 (thick
curve) and ǫ = 1.3 (dotted curve). For all these plots
we have considered κ = 0.730.27 and wφ = −0.9.
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Fig. 2 Plot of V¯ vs. φ for ǫ = 1 (thick curve), ǫ = 1.1
(thin curve) and ǫ = 1.2 (dashed curve).
same for different values of ǫ.
Also, the expressions for the energy densities for
matter and scalar field are given by
ρ¯m(z) = ρ¯m0 a
−3
0 (1 + z)
3
[
1 + κ a3−ǫ0 (1 + z)
ǫ−3
]−γC
(24)
ρ¯φ(z) = ρ¯φ0 a
−ǫ
0 (1 + z)
ǫ
[
1 + κ a3−ǫ0 (1 + z)
ǫ−3
]−γC
(25)
where z is the redshift parameter given by 1 + z = a0
a¯
,
a0 being the present value of the scale factor in the
transformed frame.
Figure (3) shows the plot of energy densities for the
scalar and the matter field as a function of z for different
values of ǫ. It has been found that the nature of the
plot does not change much with the variation of the
value of ǫ. It is evident from the graph that the scalar
field starts dominating over the matter field at around
z ∼ 0.7 and at present (z = 0) the dynamics of the
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Fig. 3 Plot of the energy densities of the matter field
ρ¯m (dashed curve) and the scalar field ρ¯φ (solid curve)
for ǫ = 1, ǫ = 1.1 and ǫ = 1.2 respectively.
universe is dominated by the scalar field.
Again the expressions for the density parameters Ω¯m
and Ω¯φ for matter and scalar field comes out as
Ω¯m(z) =
1
1 + κ a3−ǫ0 (1 + z)
ǫ−3 , (26)
Ω¯φ(z) =
κ
κ+ aǫ−30 (1 + z)
3−ǫ . (27)
Figure (4) shows the plot of density parameter for the
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Fig. 4 Plot of Ω¯m (dashed curve) and Ω¯φ (solid curve)
as a function of z for ǫ = 1.
scalar field and the matter field for ǫ = 1. It has been
found that the nature of the plot is insensitive to slight
variation of the value of ǫ.
2.2 Model-II: Exact solutions for a specific
form of the scale factor
In model I, we have seen that in this interacting sce-
nario, we could obtain a smooth transition from de-
celeration to acceleration phase of the universe which
is essential for the structure formation. Obviously one
would be interested to check whether it is possible to
obtain an analytical solution for various cosmological
parameters for a toy model of the universe in which
this transition from deceleration to acceleration is al-
ready incorporated.
Keeping this in mind, we make an ansatz regarding the
functional form for the time-evolution of the scale factor
a¯ as
a¯ = a0[sinh(αt¯)]
β (28)
where α, β are positive constants and a0 is present
value of the scale factor. The reason for this choice
is that sinh(αt¯) function has the obvious feature of
providing a transition in the deceleration parameter q
because for small t¯, a¯ ∼ t¯β and for large t¯, a¯ ∼ eαt¯ and
thus depending on the value of the parameter β, one
can obtain transition from decelerated to accelerated
phase of expansion of the universe. Infact this type
of trigonometric functions have already found applica-
tions in solving many dark energy problems (Pradhan
2012; sahni 2004; Das and Banerjee 2012).
In terms of redshift, the expression for the Hubble
parameter is given by
H¯(z) = αβ
√
1 + (1 + z)
2
β (29)
From equation(28), one can readily obtain the expres-
sion for the deceleration parameter as
q(z) = −1 + 1
β
[
1
1 + (1 + z)−3
]
(30)
So, if we plot q(z) as a function of z for β = 23 , the
graph shows a transition from deceleration to accelera-
tion at around z ∼ 0.3. Infact as discussed earlier, it is
evident from equation (28) that such transition is obvi-
ous feature of sinh(αt¯) function since a¯ ∼ eαt¯ for large
t¯ and a¯ ∼ t¯ 23 for small t¯.
From equation (14), one can obtain ρ¯m as
ρ¯m = ρ¯m0a¯
−3e−γφ (31)
where ρ¯m0 is the constant of integration and γ =√
2
3W =
√
1
2(2ω+3)
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Fig. 5 Plot of q(z) vs. z for β = 23 .
Now using equations (12) and (28), the potential V¯ (φ)
can be written as
V¯ (φ) =
1
2
φ˙2 +
4α2
3
(32)
Differentiating the above equation w.r.to t¯, one can ob-
tain
V¯ ′(φ) = φ¨ where V¯ ′(φ) =
dV¯
dφ
(33)
Then equation (13) along with equations (31) and (33)
yields,
φ˙2sinh2(αt¯) = B − A
2γa30
e−γφ (34)
which in turn yields (see appendix A.2)
φ =
1
γ
ln

 1
2k
+
1
4k
(
tanh
αt¯
2
) γ√B
α

 (35)
where A = ρ¯m0√
ς
, k =
2γBa30
A =
Ba30
ρ¯m0
and B is the constant
of integration.
While arriving at equation (35), we make an assump-
tion e−γφ ≪ k so that
√
1− e−γφk ≈ (1− e
−γφ
2k ). This
assumption is indeed valid as γ contains a
√
(2ω + 3)
factor in the denominator; as we have assumed ω to be
very large (> 3, 00, 000 or so), this will make γ suffi-
ciently small. On the other hand, the constant k =
Ba30
ρ¯m0
where B is an arbitrary constant of integration and thus
can be made sufficiently large to satisfy the above men-
tioned criteria. Obviously this toy model is restricted
in some sense but under the conditions imposed it can
provide an exact solution for the scalar field under this
interacting scenario.
Once φ(¯t) is known, using equations (32), (34) and
(35), one can obtain the form of the potential as
V¯ (φ) = − Ae
−γφ
4γa30sinh
2[2tanh−1(4keγφ − 2) αγ√B ]
+
B
2sinh2[2tanh−1(4keγφ − 2) αγ√B ]
+ V0 (36)
where V0 =
4α2
3 .
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Fig. 6 Plot of V¯ vs. φ for W = 0.001 and ω = 38W 2− 32 .
Since tanh(αt¯2 ) =
sinh(αt¯)
1+
√
(1+sinh2(αt¯))
, one can obtain
the expressions for the energy densities as well as the
density parameters for matter & scalar field as
ρ¯m(z) =
ρ¯m0
a30
4k(1 + z)3
2 +
[
(1+z)−
3
2
1+
√
1+(1+z)−3
]γ√B
α
(37)
ρ¯φ(z) = 3{H¯(z)}2 − ρ¯m(z) (38)
Ω¯m(z) =
3kρ¯m0
α2a30
1
1+(1+z)−3
2 +
[
(1+z)−
3
2
1+
√
1+(1+z)−3
] γ√B
α
(39)
Now, for scalar field, the equation of state defined
by ωφ(=
p¯φ
ρ¯φ
) in terms of redshift can be written as
ωφ(z) =
−1
1 + 3
4α2a30

− 4B(1+z)3
2+
[
(1+z)
− 3
2
1+
√
1+(1+z)−3
] γ√B
α
+B(1 + z)3


(40)
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Fig. 7 Plot of (i) energy densities ρ¯m (dashed curve)
and ρ¯φ (solid curve) vs. z and (ii) density parameters
Ω¯m (dashed curve) and Ω¯φ (solid curve) vs. z for W =
0.001.
If we plot ωφ as a function of the redshift z, we find
that the value of ωφ does not depart much from −1
and at present ωφ ∼ −1.0 which is in very good agree-
ment with the observational results (Wood-Vasey et al.
2007) which suggest that ωde is close to −1. Infact the
approximate bound on the equation of state parame-
ter (ωφ or ωde) is −1.1 ≤ ωde ≤ −0.9 (See references
(Wood-Vasey et al. 2007; Davis et al. 2007)). So the
toy model that we considered is found to be in good
agreement with the observational data and favours a
cosmological constant model. Infact this is obvious be-
cause a cosmological constant model of dark energy usu-
ally provides a sinh(αt) kind of a solution.
3 Observational Constraints
In this section, we use the observational data to put
constraints on the various parameters of our model. We
start with Supernova Type Ia data which cosmologists
often use to probe the cosmological expansion directly.
In the Supernova observations the luminosity distance
plays an important role. It actually measures the lu-
minosity distance of different supernova explosions at
different redshifts which is defined as
dL(z) =
1 + z
H0
∫ z
0
dz′
h¯(z′)
(41)
The actual observables are the observed distance mod-
ulus and the theoretical distance modulus given by
µobs(zi) = m
obs(zi)−M,
and
µth(zi) = m
th(zi)−M = 5log10(H0dL
Mpc
) + µ0
where m is the apparent magnitude of a source with an
absolute magnitude M and µ0 = 25− 5log10(H0).
For this we consider the Union3 compilation data
(Suzuki et al. 2011) containing 580 data points for µ
at different redshifts, for which we have
χ2 =
∑
i
[µobs(zi)− µth(zi)]2
σ2i
(42)
We have also used the Hubble data set to constraint
the same parameters of the models. For Hubble data
we denoted the observed normalized Hubble parameter
as h¯obs(zi), with theoretical predictions h¯
th(zi), where
h¯ = H¯
H0
is the normalized Hubble’s constant. Here, zi
is the redshift corresponding to the ith data points. For
this data set, we have
χ2 =
∑
i
[h¯obs(zi)− h¯th(zi)]2
σ2i
(43)
where σ2i is the dispersion associated with each data
point.
Then for both the data sets, we performed a likelihood
analysis marginalising over µ0 and obtained the form
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Fig. 8 Plot of ωφ vs. z for W = 0.001.
8of χ2 as
χ2 = A− B
′2
C
(44)
where A =
∑
i
[µobs−5log10(dL)]2
σ2i
,
B′ =
∑
i
[µobs−5log10(dL)]
σ2i
,
C =
∑
i
1
σ2i
.
This type of analysis has been carried out by (Rapetti et al.
2006).
Then we can calculate the 2-D Fisher matrix using the
relation (44) and also the covariance matrix given by
(Coe 2009)
[F ] = 12

 ∂2∂x2 ∂2∂x∂y
∂2
∂x∂y
∂2
∂y2

χ2
[C] = [F ]
−1
With this we draw confidence contours for both the
data sets. For Model-I, we consider the ǫ − Ω¯m0 confi-
dence contours and for Model-II the α− ω¯φ confidence
contours.
Figure (9) shows the 1σ and 2σ confidence contours
for Model-I in the ǫ − Ω¯m0 parameter space assuming
ω¯φ = −0.9. The best fit values of (ǫ, Ω¯m0) for different
data sets are given in table1. The plots show that the
values chosen by us for our theoretical model ( ǫ = 1
and Ω¯m0 = 0.27, shown by black dot ) falls well within
the 1σ confidence contour. Our result shows that with
Hubble data one does not obtain a stringent bound on
ǫ or Ω¯m0 although 0.1 ≤ Ω¯m0 ≤ 0.55, but the Union
data seems to provide a strong bound for ǫ which in turn
bounds Ω¯m0. We have plotted the graphs for ω¯φ = −0.9
but we have seen that even though we change the value
of ω¯φ little bit within the bound −1.1 ≤ ω¯φ ≤ −0.9
as imposed by recent observations (Wood-Vasey et al.
2007; Davis et al. 2007), this does not produce any sig-
nificant change on the bounds. This infact reinforces
our assumption that ω¯φ does not change much during
the evolution and thus can be treated to be a constant
for the model.
For Model-II, we constrained the two parameters ω¯φ
and α using the same data sets. Figure (10) shows
the 1σ and 2σ confidence contours for Model-II in the
α− ω¯φ parameter space assumingW = 0.001. The best
fit values of (α, ω¯φ) for different data sets are given in
table 2. From table 2 we notice that the best fit values
of the parameters are not very sensitive to the choice
of B and W . For our analytical model we have chosen
B = 0.2, W = 0.001, α = 2 which for both the data
sets are found to be well within the confidence contour.
From the results it is seen that for both the data sets
Table 1 Best fit values for various parameters for Model
-I
ω¯φ χ
2
min ǫ Ω¯m0
Hubble Data -0.9 67.7227 1.0 0.316553
-1.0 103.266 1.0 0.32
-1.1 151.099 1.0 0.32
Supernova Data -0.9 563.293 1.0 0.267395
-1.0 564.242 1.0 0.3
-1.1 577.404 1.0 0.3
0.85 0.90 0.95 1.00 1.05 1.10 1.15
0.1
0.2
0.3
0.4
0.5
Ε
W-
m
0
0.80 0.85 0.90 0.95 1.00 1.05 1.10 1.15 1.20
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1.0
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2.0
2.5
Ε
W-
m
0
Fig. 9 Plot of 1σ and 2σ confidence level contours on ǫ
- Ω¯m0 plane for ω¯φ = −0.9 using the Hubble data (top)
and the Supernova data (bottom) respectively.
the bound on the parameter ω¯φ is −1.4 ≤ ω¯φ ≤ −0.4
where as the best fit value is close to −1.0 and thus the
cosmological constant seems to be a favourable case as
discussed earlier.
4 Conclusion
In this paper, we have shown that it is possible to
build an interacting cosmological model using a non-
minimally coupled scalar field. We have shown that
the form of interaction chosen was not ad-hoc, rather it
appeared as a result of some suitable conformal trans-
formation. We have considered two toy models describ-
ing the evolution of the universe and in both the cases
91.7 1.8 1.9 2.0 2.1 2.2 2.3
-1.4
-1.2
-1.0
- 0.8
- 0.6
- 0.4
Α
Ω-
Φ
0.5 1.0 1.5 2.0 2.5
- 2.5
- 2.0
-1.5
-1.0
- 0.5
Α
Ω-
Φ
Fig. 10 Plot of 1σ and 2σ confidence contours on α−
ω¯φ parameter space for the Hubble data (top) and the
Supernova data (bottom) respectively.
Table 2 Best fit values for various parameters for Model
-II
B χ2min α ω¯φ
Hubble Data 0.2 82.5966 2.0 -0.9
0.4 99.5222 2.0 -0.9
1.0 203.545 2.0 -0.9
Supernova Data 0.2 591.744 2.0 -1.2
0.4 670.818 2.0 -1.2
1.0 568.508 2.0 -1.2
it has been found that during the evolution the uni-
verse undergoes an early phase of decelerated expansion
(q > 0) followed by a late time accelerated expansion
phase (q < 0). This is a must for the structure forma-
tion of the universe so that the universe evolves to the
same form as it looks today.
In model I, we have considered a specific form for the
energy density of the universe and in model II, we have
considered a specific ansatz for the evolution of the scale
factor of the universe. In the transformed frame, we
could find out the expressions for all the relevant cos-
mological parameters for both the models. Although
there are issues regarding the interconversion between
the Einstein’s frame and Jordan’s frame, such as the
geodesic equation is no longer valid in Einstein’s frame;
but things are fine as long as one sticks to any one of
these frames and all the relevant parameters are defined
in the same frame.
We have calculated the various parameters of the model
in the transformed version of the theory. We have also
shown that the results obtained are consistent with the
various observational values as mentioned earlier; e.g.:
in our model we have chosen the value of the param-
eter W = 0.001 which makes ω > 3, 00, 000 which
is consistent with the solar system type experiments
which puts the limit on ω as ω > 40000 (Bertotti et al.
2003). Also in model I, we have considered ωφ to be al-
most a constant (∼ −0.9 or so) which is also consistent
with the values suggested by (Wood-Vasey et al. 2007;
Davis et al. 2007). However, for model II, we have cho-
sen α = 2, B = 0.2 and W = 0.001 and we have shown
that the results obtained are not vary sensitive to these
values.
We have also tested our model with the observational
data from the Huble and Supernova datasets. For both
the models it has been found that the values of various
parameters of the models which were chosen for analyt-
ical results are well fitted in the 1σ and 2σ confidence
contours.
So, such an interacting model, where the source of in-
teraction is not ad-hoc, can give rise to an effective
solution for the coincidence problem and also can pro-
vide solutions for many other cosmological problems.
In this paper, we have considered two ansatz so as to
obtain exact solutions for various cosmological param-
eters; however there are infinite number of possibili-
ties and one can generate various effective cosmological
models from such an interacting scenario which may
provide even better fit to the available observational
data.
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A Appendix
A.1 Solution of equation (20) for Model I
We have equation (20) as :
1
2
a¯2H¯2
(
dφ
da¯
)2
=
ǫ
2
H0
2Ω¯φ0a¯
−ǫe−γ(φ−φ0) +
γ
2
a¯H¯2
dφ
da¯
(A.1)
Since φ˙2 = ρ¯φ (1 + wφ), this gives
a¯2H¯2
(
dφ
da¯
)2
= ρ¯φ (1 + wφ) = ρ¯φ0a¯
−ǫe−γ(φ−φ0) (1 + wφ) (A.2)
These two equations give
1
2
ρ¯φ0a¯
−ǫe−γ(φ−φ0) (1 + wφ) =
ǫ
2
H0
2Ω¯φ0a¯
−ǫe−γ(φ−φ0) +
γ
2
a¯H¯2
dφ
da¯
⇒ AH¯02a¯−ǫe−γ(φ−φ0) = γ
2
a¯H¯2
dφ
da¯
where A =
[
3
2 (1 + wφ)− ǫ2
]
Ω¯φ0. Substituting for H¯
2 and rearranging terms one arrives at the following form of
integration :
φ− φ0 = 2A
γΩ¯m0
∫
a¯(2−ǫ)da¯[
1 + κa¯(3−ǫ)
] (A.3)
Putting
[
1 + κa¯(3−ǫ)
]
= sinh(x) in equation (A.3), one obtains
φ− φ0 = C ln(sinh(x))
⇒ φ = C ln(1 + κ a¯(3−ǫ)) + φ0
where C = 1(3−ǫ)γ [3(1 + wφ)− ǫ].
A.2 Solution of equation (34) for Model II
We have equation (34) as :
φ˙2sinh2(αt¯) = B − A
2γa30
e−γφ (A.4)
⇒
∫
dφ√
B − A
2γa30
e−γφ
=
∫
dt¯
sinh(αt¯)
(A.5)
Now, I1 =
∫
dφ√
B − A
2γa30
e−γφ
=
√
2γa30
A
∫
dφ√
k − e−γφ , k =
2γBa30
A
. (A.6)
Putting k − e−γφ = u2, we get
I1 =
1
γ
√
B
ln
(√
k + u√
k − u
)
(A.7)
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Now the factor
√
k+u√
k−u can be expressed as
√
k+u√
k−u =
2k−e−γφ+2k
(
1− e−γφ
k
) 1
2
e−γφ
. But under the assumption e−γφ << k,
this reduces to
√
k+u√
k−u = 4ke
+γφ − 2 which in turn gives
I1 =
1
γ
√
B
ln(4ke+γφ − 2) (A.8)
On the other hand,
I2 =
∫
dt¯
sinh(αt¯)
=
1
α
ln
(
tanh
(
αt¯
2
))
(A.9)
Hence from equations (A.5), (A.8) and (A.9) one arrives at
φ =
1
γ
ln

 1
2k
+
1
4k
(
tanh
αt¯
2
) γ√B
α

 (A.10)
